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1. Introduction

Naturally curved and twisted beams have been widely used in mechanical, civil and aeronautical engineering. For
instance, blades and flexible space structures are manufactured as naturally curved and twisted beam-type structures in
the form of space curves. The helical spring is another example of a beam widely used in engineering, the axis of which is
commonly curved and twisted.

Within the framework of linear beam theories, various assumptions are made in deriving the set of equations describing
the static [1-7] or dynamic [8-20] behavior of spatially curved and twisted rods. The known sets of dynamic equations for
spatially curved rods have been used in determination on natural frequencies [9,14,15,18-20] and analysis of harmonic
wave propagation [10-12,17]. So far there has been comparatively few research on effect of the warping by reducing the
original three-dimensional dynamic problem of beams to one-dimensional problem. An assumption relating a generalized
warping coordinate with the rate of twist of the beam has been introduced in some studies [21,22]. Recently, the
assumption is also used for free vibration of anisotropic composite thin-walled beams with closed cross-section [23].

Based on the assumption as just mentioned above, the main purpose of this paper lies in an analytical formulation and
evaluation for free vibration of naturally curved and twisted beams using the resulting governing equations based on the
Washizu’s static model [1]. The explicit analytical expressions are derived for the vibrating mode shapes of naturally
curved and twisted beams under clamped-clamped boundary condition, with help of the symbolic computing package
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Mathematica. A process of searching is adopted to determine natural frequencies and the mode shapes for the natural
vibration are obtained using the resulting analytical expressions. In numerical examples, comparisons of the present
results with the FEM results using beam elements in ANSYS code show good accuracy in computation and validity
of the model. Further, the present model is used for analysis of cylindrical helical springs with circular cross-section fixed
at both ends. The results indicate that the natural frequencies agree well with the theoretical and experimental results
available.

2. Fundamental governing equations

It is assumed that the locus of the cross-sectional centroid of the beam is a continuum curve [ in space. The tangential,
normal and bi-normal unit vectors of the curve are t, n and b, respectively. The Frenet-Serret formulae, for a smooth curve,
are [1]:

t=kin, n'=—kit+k;b, b = —kn, (1)

where superscript prime denotes the derivative with respect to s. s, k; and k, are arc coordinate, curvature and torsion of
the curve, respectively.

We introduce ¢ and 7 directions in coincidence with the principal axes through the centroid O, as shown in Fig. 1. The
angle between the & axis and normal n is represented by 6, which is generally a function of s. If the unit vectors of O£ and
017 are represented by i; and iy, then

i:=ncos0+bsind, i,= —nsin6+bcoso. (2)
From Eqs. (1) the following expressions are obtained:
t=kyiz — ke, if = — kyt+ky, ij = ket — ki, 3)
where
ke =kqysin0, k,=kjcosO, ks=ky+0" (4)

Based on the assumption that the cross sections of the beam do not deform in its own plane, but is free to
warp out of the plane, the dynamic displacement of the beam consisting of stretching, bending and torsion is expressed
by

u=Wt+Ui:+Viy, (5)
in which

W = us(s, ) +1Ps(S, 1) — Epyy (s, B) +ou(s, D)7(E, 1),
U=us(s,t) — nos(s, b),

V: ui’[(s> t)+é(ps(ss t)> (6)

where three displacement components of the cross section in the s, £ and # directions are fully represented by six rigid
body modes, i.e., three translational portions by us(s), ug(s), uy(s), together with three rotational ones by ¢(s), ¢(s) and
@,(s), respectively. The non-classical influences relevant to the beam are those due to transverse shear deformations and
torsion-related warping. The y(&,#) is the warping function of Saint-Venant’s torsion of a cylindrical shaft which has the
same cross section as the beam under consideration. The o(s) is introduced as a generalized warping coordinate which is
assumed to have a prescribed relation with the rate of twist of the beam [21-23]

(s, t) =@, (s, 1) (7)

Fig. 1. Geometry of the beam.



1378 A.M. Yu et al. / Journal of Sound and Vibration 329 (2010) 1376-1389

According to Eq. (7), the strain-displacement relation described in Ref. [1] becomes

0 0
ess = &+ 0wz — Sy + 1 P§ +Ks Ké)’? a <£> 4 25

0 ,
Zesé = GéSé —Nws+ {(%) +k;7}(:| Qs ,

9 ,
2e5; = Gpey+ Ews + {(#) —kix} ) (8)
where eg, e;: and e, are the axial and shear strain components, respectively. The G; and G, are shape factors depending on
the beam sections [24], and &, &, &, ws, W¢, Wy, are generalized strains written by

es=us — kyug+keuy, & =ui +kyus — keuy — by>
ey =uy —kets+ksuz+@;, 05 = @ —kn(pé+k¢qo,1,

We = QD% +kp7§05 - ksﬁona Wy = QD;/] - I(5§05+I<5§0§. (9)

In above derivation the initial curvatures of the beams are assumed to be moderate, to guarantee that value of the
determinant of the metric tensor in the curvilinear coordinate system takes one, ie., g=(1 — fk,7+11k5)2% 1. This
assumption is suitable for most practical applications.

For the case of isotropic beam under consideration, the stress components are

os=Ees, T:=2Gey:, Ts=2Gey,, (10)

where E is the modulus of elasticity and G is the shear modulus of the material, respectively. The remaining components,
o¢ oy and T, are very small and neglected in the stress-strain relations.
The resultant forces and moments on a cross section of the beam are as follows

Qs=/./65d~'§d17, Ms=/~/(fsn5*‘fs:”l)dfd’7,

Qg://rsédédn, Mg://asndﬁdn,
Q= [ [wydedn. M=~ [ [ocdzan (1)

where Qs is the axial force, Q: and Q; are the shear forces, M; is the twisting moment, M: and M, are the bending moments,
as shown in Fig. 2.
The external force and moments per unit length on the axis of the beam are indicated by p and m as

P =pst+peiz+pyly, m=mst+mei: +myiy,. (12)

Using a generalized variational functional for naturally curved and twisted beams and Eq. (7), the equations of motion
can be derived in the following

//pdédnilE:Qg ~ ks Qy+ky Qs+,
//pdédni’lanﬂ’ — k:Qs+ksQ: +py.

[ [pacanicr [ [ pzacdne; =0 — ks tp.

Fig. 2. Stress resultants developed on a typical beam element.
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/ /pn2 dédné.: - //péndédnébﬁ / /pnxdédnf/)s’ =M¢ — ksMy +kyMs — Q; +me,

/ / p& dédn, - / / pendédne, - / / pErdEdngp! =M — keMs+ksM; + Qs +m,,

- [ [z azaniy - [ [ pracani
- / / piy dE dngp's + / / perdcdng,+ [ / P40 dédnd =M —kyM:+k:-My+m,,  (13)

where two dots over the quantity denote the second partial derivative with respect to time t, and p is the mass density. We
note that if the beams are assumed to have a double-symmetric cross section, Eq. (13) reduces to

mil; = Q¢ — ksQy+kyQs+pe,

mily = Qy — keQs+KksQz+py,

mils = Qs — kyQz +k:Qy+ps,
pl:p. =Mt — ksMy+kyMs — Q+me,
Ply @, =My — keMs+ksMe +Q; +my,

—pI'¢p{ +plyps=Ms — kyM:+k:M, +ms, (14)

in which

F='//de5dn, (15)

where m = pA is the mass per unit length of the beam, A, I, I, and Ip are the cross-sectional area, the second moments of
area with respect to the normal axis and to the binormal axis, and the torsional moment of inertia of the cross-section,
respectively.

3. Analysis of a curved beam with the uniform equilateral triangle cross section

To verify the theoretical formulations in previous section, a curved beam with the uniform equilateral triangle cross
section is chosen, as shown in Fig. 3, as a model in computation. For the structure, 0, ks and k; in Eq. (3) all take zero, and kj
is 1/R.

First, we consider out-of-plane free vibration of the beam. In the case, corresponding three equations, the second,
the fourth and the sixth equations in Eq. (13), need to be considered. These equations are uncoupled from the
rest of the system, and can be expressed in terms of only the three independent displacement functions @, ¢ and ¢
below

PAiL, (s, t) = G,GAuy (s, t)+GnGA(pé (s,0),
—pl: @ (s, t) = G, GAuy (s, t)+(k,27GIp+G,7GA)(pé(s7 t) — El: @} (s, t) — ky(El: +Glp) g (s, £) +ky GD1 ¢ (5, ),

Plp (s, ) — pI'(p (s,t) = — ky(El: +GIp)’ (s, )+ kyGD1 @’ (5, t) — EL g (5, )+ Glp{ (5,t) — 2GD1¢p] (s, t)
—Lo{ (5,6) — KyEL: (s, ). (16)

o (- (@son 1=

For the harmonic vibration with frequency w, introduce the following dimensionless quantities

in which

L _Rpo?  RGA _ R¥(kiGIp+GA) _ R2pa?
B1= e D1 El; s ~D2—T, D3 = s
Ao — El:+GIp A — GD, der RZ(E15+GIP) , R2GD,

D4 = EI: > D5 = _Elé > FI=—7FFr AF2 = ET
. R2GIp _ 2R2GD, Aoe — ﬂ Aee — Rz,oco2
AF3——EF > AF4A= EL° F5 = E[° 6= E
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Fig. 3. A curved beam with the uniform equilateral triangle cross section.

R4Imp(j)2

2

AF7 = ET ° }LF8=T, (17)
then Eq. (16) simplifies into

(D?+ 251)ity (B)+RD® () = 0,

01Dty (B) = R(ID* — Apa + 2p3)P () — R(Zpa — 4p5)DP () =0,
(k1 — 2E2)DP A(B)+[D* — (Zr3 — Apa — A5 — Ap)D* +(Ap7 — Zrs)1P5(B) =0, (18)
where the differential operator
d d
D= Rd— = ap’

and i, (B), ¢ :(f) and @ (B) represent translation in the bi-normal direction, bending rotation about the ¢-axis and torsional
rotation about the s-axis, respectively. For the clamped boundary conditions, there are

Uy=Q:=P;=p; =0, at f=0 and f=m. (19)

Eliminating any two variables of &i;, ¢ - and @, in Eq. (18), one equation concerning a remaining variable can be derived as

where {D® +RgD® +R4D* +RyD? +Rg}X =0, (20)
X=ly, ¢ or ¢

Re = A1 +4Ap1 — Ap2 +Ap3 +Ar3 — AFa — Ars — A,

R4 = (Apa — 2ps)(Zp1 — AF2)+(Ap1 — Ap2 +Ap3)(AF3s — AFa — AFs — ZFe),
— 21(Ap2 — Ap3 — AF3 + Ara+ A5 + Ar6) — Ar7 + Ars,

Ry = — (Ap1 — Ap2 +Ap3)(AF7 — Arg) +AB1[(Apa — Aps)(AF1 — AF2) — (Ap2 — AD3)(AF3 — AF4 — AFs — Aps) — AF7 +/Ars],

Ro = Zp1(Ap2 — AD3)(AF7 — ZF8). (21)
For the form of non-trivial solution for the eighth-order differential equation (20) by X=e”, a corresponding
characteristic equation is obtained as

r8+R6r6+R4r4+R2r2+R0:0 (22)
The eight roots of the above equation can be real or complex depending on the values of coefficients Ry, R», R4 and Re.
Within the practical range, if there are N real roots r; (i=1,...,N) and 2M conjugate complex roots r; = o + iy}, = 1,..., M)

the solutions of i,(B), @:(B), and @(B) can be written as

N M
Uy(By="D_Ai- e+ eUP[Asjcos(y;B)+Ay sin(y;B)l.

i=1 j=1

N M
@)= Bi-eF+ " eUP[Byjcos(y;)+By sin(y;h)l,

i=1 j=1
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A N M
QP = Z G -eif 4 Z ea-"ﬁ[cu cos(y; )+ Cy; sin(y; )], (23)
i=1 =1
where N+2M =8, and
Bi=&Ai, G ={A;
I a2 1)) Ap1r? + (2 + 1) (17 — Apa+2p3) .
Ci= , G= 5 - ;o (i=1,...,N)
Rr; Rr?(Ap4 — Aps)
Byj =&11jA1j+¢12jA2j,  Boj = EanjAij+EaniAa)s
Cij= —195; 95 I35 I4jl/4j,  Eraj= — %6 Foj I35 H4jl/4;;
Eoj= — |91j 95 I3 I4jl/Aj, Eanj= — |H; Y65 I35 Hajl/ 455
Gj= C11jA1j+C1sz2j, Gj= gZ]jA1j+é/22jA2j;
CGij= — 1915 95 955 94i1/4j,  Caaj= — 1%y Ko Y6 Hajl/ 45
Onj= — 1915 95 935 95j1/4j, L= — 1%y Yo I35 Fejl/ 45
Aj=191j S5 I3 94, (G=1,....,M)
and the column vectors are defined as
91j={Roy —Ry; —Ro+Ry? +Ripz — Rips 2Royy;)T,
92 = (Ry; Reyj — 2Royy; — Rof +Ry? +Ripy — Rips)T,
93j={0 0 Rotj(—Apa+7ps) Ryj(—Apa+7ps))',
94j =10 0 Ry;(Zpa — Aps) Royi(—Apa+7ps)}',
9si =10 —pF+2m — 2047 ;% — Zpaysh',
‘gﬁj = {20(]'))] OC]-Z — '))j2+),31 /1D‘1 '))] /1[)10(]'}-1-.
Substituting Eq. (23) into (19) yields a set of eight homogeneous algebraic equations
(®)A =0, (24)

where IT(®) is a 8 x 8 matrix and A is a 8 x 1 vector relating to A;, A;; and A;. Eq. (24) has non-trivial solution for A when
the determinant of IT(®) vanishes, namely,

detTTI(®) =0, (25)

which can be used to determine the natural frequencies using a simple automated Muller root search method [25]. Once
the frequencies are given, the corresponding mode shapes are evaluated using Eq. (23).
In computation the material and geometry properties of the beam are given as follows

E=200GPa, G=76.92GPa, p=7840kg/m3, b=0.02m, A=2.078x10>m?,

R=048m, I:=1,=4.1569x 10" m* 1,=83138x10"'m?* y= — %(7]3 —3&7).
Change in detIl(w) with frequency f = w/27 measured in Hz is shown in Fig. 4. Comparisons of the first four natural
frequencies with FEM results for out-of-plane free vibration of the beam are presented in Table 1 while the corresponding
mode shapes are shown in Fig. 5. In FEM analysis, BEAM4 beam element in ANASYS code is chosen, and numbers of
elements and nodes are 400 and 401, respectively. The beam element does not allow the warping in the code. It is observed
from the table that the corresponding results for present model with warping ignored coincide with the data from FEM. If
the warping is included, the frequencies become lower except the first frequency. The resulting increase in the first
frequency is due to the introduction of the relation, as shown in Eq. (7), between the generalized warping coordinate and
the rate of twist of the beam. The computational results from Fig. 5 indicate that there is a phenomenon of high frequency
oscillations for mode shapes corresponding to a small wavy curve segment, and the amplitude of the oscillations is very
small. The effect of the relation on induced error is shown to be weak, and the assumption is thus still valid for practical
engineering. It can be observed that in preceding parts, for in-plane free vibration of the beam with triangle cross section as
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well as for free vibration of the cylindrical helical spring with the circular cross-section (see Section 4), the above relation is
not adopted naturally due to no warping. The oscillations will disappear automatically.

Next, let us consider the in-plane free vibration of the beam. Similarly, only the first, the third and the fifth equations in
Eq. (13) need to be solved. For the case, effect of warping disappears automatically. Accordingly, in the model, o = 0 and the
assumption o(s,t) = @} (s,t) is abandoned. The mode shapes including shear deformation are shown in Fig. 6. The
corresponding comparisons for first four natural frequencies are illustrated in Table 2. A good agreement can be seen
between the present model and the FEM results.

4. Analysis of cylindrical helical springs

As the spatially curved system, cylindrical helical spring with the circular cross-section is taken as model in
computation. In Eq. (14), let k: =0, y =0 and p=m =0, the corresponding equations are expressed as

pAil: = G:GAu! — ksG:GAuy — ksG,GAuy +kyA(E+G:Gus — G:GAp, — (ka,7GA+k§EA)u5 — ksG,GAg.,
pAily = G,GAuy +ksG:GAu +ksG,GAut +G,,GAq)é - I<§G¢GAu,7 +ksk, G:GAus — kngvGA(p,,,
PAlls = EAuy’ — kyA(E+G:Gu} + ksk, G:GAuy, — kf,GEGAuS +k,7G;vGA(p,7,
Ime®: =Elzz ! — GyGAuy  — ksElp@p; +ky(Elz: +Glp)p; — ksGyGAu: — (GyGA+ ki Glp+k2ElLyy) @,

Imnqb,] = EI,mqo,’,/ +G:GAu; +kSEngoé — ksG:GAuy, +k, G:GAus — (GgGAJrkSzEIéé)q)n +kyksEl:z g,

(@) 4
\
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Fig. 4. Variation of det IT(w) with frequency f: (a) the first and second natural frequencies; (b) The third and fourth natural frequencies.

Table 1
Comparisons of natural frequencies for out-of-plane free vibration (unit: Hz).

Mode FEM Present (warping ignored) Present (warping included)

1 89.32 89.31 92.05
2 255.50 255.46 254.94
3 530.58 530.41 524.50
4 898.01 897.53 887.84
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Imp¢s = GIPQD;, — l{yI(EI}:C’ +GIp)q0é +k5ki’]EI§§qu] — k%EIéé(DS. (26)

The parametric relationships for a cylindrical helix are (see Fig. 7)

h=Rtana, c=R*+h?)'2, ky=h/c*=(1/R)sinacosa,
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k:=0, ky;=R/c*=(1/R)cos?a, ds=cdp, (27)

where h is the step for unit angle of the helix, R is the centerline radius of the helix, « is the pitch angle and df is the
infinitesimal angular element.

For a helical spring fixed at both ends, material and geometrical properties are chosen as: p=7900kg/m3,
E=206 x 10""N/m?, D=2R=10mm, n=7.6, t=03,d=1mm, ¢ =8.5744", G: =G, = 1 /ot = 1/0t (ota = ot = 1.1 for the
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solid circular section [20]). Here n is the number of turns of the helix, ¢ is Poisson’s ratio and d is the wire diameter.
Comparisons of the present results with both the experimental data by Mottershead [26] and the numerical results by
Yildirim using the transfer matrix method (TMM) [27] are presented in Table 3.

As a second application of the spring with circular cross-sections having both ends fixed, a model used in Pietra and
Valle [28] is considered. Material and geometrical properties are p =7900kg/m3, E=2.1 x 10! N/m2, 4 =0.3, d =6 mm,
2R=50mm, n=6, «=5.1384". A comparison of natural frequencies is given in Table 4. It is clear that the results of present
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Table 2
Comparisons of natural frequencies for in-plane free vibration (unit: Hz).

Mode FEM Present Error (%)
1 212.62 212.58 0.02
2 457.17 457.02 0.03
3 841.64 841.19 0.05
4 1210.00 1208.83 0.10

Fig. 7. Geometry of a typical cylindrical helical spring.

Table 3
Comparison of natural frequencies of the spring (unit: Hz).

fi h f3 fa fs fe f fs fo fio fin
Experimental [26] 391.0 391.0 459.0 528.0 878.0 878.0 906.0 - 1282.0 1386.0 -
TMM [27] 393.5 3959 462.8 525.5 864.0 876.8 914.3 1037.0 1310.5 1363.8 1395.1
Present 393.5 396.1 462.9 525.7 863.8 877.0 913.8 1037.5 1310.7 1364.6 1395.8

model agree well with those from other theories and experiment [27-30], which shows that the model proposed is
accurate enough for the free vibration of such engineering structures.

5. Conclusions

Based on the Washizu’s static curved beam theory, an analytical evaluation on free vibration of naturally curved and
twisted beams with uniform cross-sectional shapes is presented in this paper. In the governing equations of motion of
the beams, all displacement functions and the generalized warping coordinate are defined at the centroid axis and also the
effects of rotary inertia, transverse shear deformations and torsion-related warping are included in the proposed model.
An assumption relating a generalized warping coordinate with the rate of twist of the beam is introduced to solve the
governing equations. Explicit analytical expressions are derived for the vibrating mode shapes of a curved, bending-
torsional-shearing coupled beam and cylindrical helical springs under clamped-clamped boundary condition, and a
process of searching is used to evaluate natural frequencies. The use of the assumption can lead to a phenomenon of high
frequency oscillations for mode shapes, but the amplitude of the oscillations is very small. Comparisons of the present
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Table 4
Comparison of natural frequencies of the spring (unit: Hz).

f(Hz) Present Experiment Theory
[28] [27] (28] [29] [30]

1 140.5 141.0 140.6 141.0 141.0 141.3
2 161.1 161.0 161.1 161.0 161.0 161.1
3 177.8 - 177.8 - - 178.3
4 181.2 - 181.2 - - 181.7
5 274.7 275.0 274.7 275.0 282.0 275.7
6 305.9 300.0 305.9 313.0 322.0 306.8
7 308.1 - 308.1 - - 308.7
8 319.2 - 319.2 - - 320.1
9 391.8 392.0 391.8 389.0 423.0 392.7
10 430.6 433.0 430.6 443.0 483.0 431.4
11 436.3 - 436.3 - - 436.6
12 444.5 - 4445 - - 446.2

results with the FEM results from ANSYS beam element, the theoretical and experimental results available show good
accuracy in computation and validity of the model proposed.
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